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Let (X, d) be a metric space and S(x, r), S[x, r], respectively the open 
and closed sphere in X, with center x and radius r. In "Teoria functsiy 
veshchestvennoy peremennoy", (Theory of functions of a real variable), 
by r. P. NATANsoN - Moscow 1957, 2d edition, p. 508; one finds the 
statement 1): "The closure 8(x, r) of the open sphere is the closed 
sphere S[x, r]". 
The following example shows that this statement is false: 
Let X={x; O<x<l} u {x; x=eit , 0<t«n/2)} with the usual metric 
of the complex plane. For r= 1 we have: 8(0, 1) = [0, 1], S[O, 1] =X and 
8(0, 1)~S[O, 1]. 
Numerous other examples could be given. The falseness of the above 
statement raises the question of finding all metric spaces for which the 
statement is true. The following theorem seems to answer this question. 
Given any two distinct points a and b in (X, d) put: E(a, b) = {z EX; 
d(z, a)<d(a, b), d(z, b) <d(a, b)} u {a} U {b}, E'(a, b)=the derived set of 
E(a, b). 
Theorem 1. (Main) For every x E X and every positive number r, 
8(x, r) =S[x, r] if, and only if, for every a and b in X, a~ b, the set E(a, b) 
is dense in itself; i.e. E(a, b) C E'(a, b). 
Proof. Suppose that for every x E X and every r>O we have 
8(x, r)=S[x, rJ. Let a and b, a~b, any two elements of X and z EE(a, b). 
Since a~b we may suppose z~a. We have 
d(a, z)<d(a, b), d(b, z)<d(a, b). 
By assumption 8(a, d(a, z))=S[a, d(a, z)]. Since z ES[a, d(a, z)] and 
z 1= S(a, d(a, z)), z must be an accumulation point of S(a, d(a, z)). Let 
O<l<d(a, b) -d(z, b). There is a point y such that y~z, y E S(z, l) n 
S(a, d(a, z)). We have: 
d(y, b) <d(y, z) +d(z, b) <l +d(z, b) <d(a, b) 
d(y, a) <d(a, z) <d(a, b). 
1) I thank Prof. M. KRASNER for calling my attention on the subject. 
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Therefore Y E E(a, b) and z E E'(a, b). 
This proves that E(a, b) is dense in itself. 
To prove the second half of the theorem suppose that for every 
a and b in X, a=l=b, E(a, b) is dense in itself. We prove that for every 
x E X and every r> 0, we have S(x, r) =S[x, r]. We see easily that 
S(x, r) C S[x, r]. In fact let z E S(x, r). If z E S(x, r) then z E S[x, rJ. 
Suppose Z E S'(x, r), then d(z, x) <J, because if d(z, x) >r the neighborhood 
S (z, d(Z,;) - r) would contain no point of S(x, r), which would contradict 
Z E S'(x, r). 
We prove now S[x, r] C S(x, r). Let z E S[x,r]. If d(z, x) <r then 
Z E S(x, r). Suppose d(z, x) = r. Since E(z, x) is dense in itself, Z is an 
accumulation point of E(z, x). Therefore, for every l>O there is a 
Y E S(z, l), Y =1= z, such that, either y = x or d(x, y) < d(x, z) = r, d(z, y) < d(x, z). 
In both cases we see that y E S(x, r). In other words in every neigh-
borhood of z, there is a point of S(x, r) different from z; which means 
that z is an accumulation point of S(x, r) and z E S(x, r). The theorem 
is proved. 
Definition. The metric d of a metric space (X, d) is said to be 
convex if for each x and y in X there exists an element z in X such that 
d(x, y) 
d(x, z) = d(z, y) = ~. 
Here are some consequences of the main theorem. 
Theorem 2. If (X, d) is a metric space and d is a convex metric 
then for each x in X, r>O; S[x, r]=S(x, r). 
Proof. By Th. 1, it suffices to prove that for every two distinct 
points a and b in X we have E(a, b) C E'(a, b). Let z E E(a, b). Since 
a=l=b We may suppose, without loss of generality, that z=l=b. We have: 
d(z, a) <,d(a, b); d(z, b) <d(a, b). 
First consider the case z=l=a. Let N(z, s) be any neighborhood of z, and 
O<sl<min {s, d(a, b)-d(z, b)}. Since d is a convex metric we can find 
Zl such that ZlEN(z,Sl); Zl=l=Z; d(zl,a)<d(a,z)<,d(a, b). 
We also have: 
d(zl, b) <,d(zl, z) +d(z, b) <d(a, b) 
It follows that Zl E E(a, b) and z E E'(a, b). Suppose now z=a. Then 
since d is convex, for 0 < S < d( a, b) there is a Zl =1= a such that 
d(a, zl)<d(a, b); d(zl, b)<d(a, b). 
It follows, as before, that Zl E E(a, b) and a E E'(a, b). 
Remark. Since every Peano space has a convex metric it follows 
that Th. 2 is true for those spaces. For references in connection with 
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t his subject the reader is referred to: "Elementary Topology" by D. W 
HALL and G. L. SPENCER; J. Wiley & Sons Inc., N.Y.; and the papers 
of R. H. BING cited in this book. 
Proposition 1. If (X, d) is a metric space and for all x in X, r> 0, 
it is true that S[x, r] =S(x, r), and 0 is an open subset of X, then for 
each t in 0, r> 0, it is true that S[t, r] =S(t, r) in (0, d). 
Proof. Let al EO, bl EO and a17fbl. By assumption S[x, r]=S(x, r) 
for every XEX, r>O. It follows from Th. 1 that E(a, b)CE'(a, b) for 
every a EX, bE X, a=l=b. Now let Z E E(al, bl ) nO. Since 0 is open there 
is a neighborhood N(z) contained in 0 and containing a point ZI EO, ZI =1= z. 
This proves that E(al, bl ) C E'(al, bl ) in (0, d). 
Proposition 2. If (X, d) is a metric space and for each x in X, r>O, 
it is true that S[x, r] =S(x, r) and Y is dense in X, then for each 
y E Y, r> 0, it is true that S[y, r] =S(y, r) in (Y, d). 
The proof being similar to the proof of Proposition 1 is omitted. 
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